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Abstract
We solve the problem of determining the fundamental degrees of freedom underlying a gen-
eralized Ka¨hler structure of symplectic type. For a usual Ka¨hler structure, it is well-known that
the geometry is determined by a complex structure, a Ka¨hler class, and the choice of a positive
(1, 1)-form in this class, which depends locally on only a single real-valued function: the Ka¨hler
potential. Such a description for generalized Ka¨hler geometry has been sought since it was dis-
covered in 1984. We show that a generalized Ka¨hler structure of symplectic type is determined
by a pair of holomorphic Poisson manifolds, a holomorphic symplectic Morita equivalence between
them, and the choice of a positive Lagrangian brane bisection, which depends locally on only a
single real-valued function, which we call the generalized Ka¨hler potential. Our solution draws
upon, and specializes to, the many results in the physics literature which solve the problem under
the assumption (which we do not make) that the Poisson structures involved have constant rank.
To solve the problem we make use of, and generalize, two main tools: the first is the notion of sym-
plectic Morita equivalence, developed by Weinstein and Xu to study Poisson manifolds; the second
is Donaldson’s interpretation of a Ka¨hler metric as a real Lagrangian submanifold in a deformation
of the holomorphic cotangent bundle.
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Introduction
A central feature of Ka¨hler geometry is the fact that, once a complex structure is chosen, the
Riemannian metric depends locally on only a single real-valued function, the Ka¨hler potential.
Indeed, in holomorphic coordinates we have the familiar expression for the metric tensor
gi¯ =
∂2f
∂zi∂z¯j
.
This fundamental observation is crucial to many aspects of Ka¨hler geometry, especially to the
problem of finding Ka¨hler-Einstein metrics and to studying the Ka¨hler-Ricci flow; in both cases
these problems are reduced to differential equations for a single real-valued function.
The importance of Ka¨hler structures in physics derives from the discovery by Zumino [32] that if
a Riemannian manifold is equipped with a Ka¨hler structure, then the 2-dimensional sigma model, a
field theory whose fields are maps from a Lorentzian 2-manifold to a Riemannian target manifold,
may naturally be extended, by introducing additional fields and using the Ka¨hler structure on
the target, to a field theory with N = 2 supersymmetry, an enlargement of the usual Lorentz
symmetry of the original model. Zumino also made the key observation that the additional fields
of the resulting theory could be interpreted, together with the original field, as the components of a
single map called a superfield, but where the domain of the map is modified to be a supermanifold
and the map satisfies a certain constraint. Zumino showed that in this more geometric formulation
of the extended model, the Lagrangian density simplifies dramatically, and is given precisely by the
pullback of the Ka¨hler potential function f described above.
It was later discovered by Gates, Hull and Rocˇek [11] that Ka¨hler geometry is not the only
structure giving rise to such a supersymmetric extension; they showed that what is required is
generalized Ka¨hler geometry, consisting of a pair I+, I− of complex structures compatible with
the Riemannian metric and whose associated Hermitian forms ω+, ω− are not necessarily closed.
Instead, they satisfy the conditions
dc+ω+ + d
c
−ω− = 0, dd
c
±ω± = 0.
Gates, Hull and Rocˇek argued that while a naive application of the ∂∂-lemma is impossible in
this case, there should still be a reformulation of the sigma model generalizing the one found by
Zumino, for which the Lagrangian density would again be a single real-valued function, which, in
turn, determines the metric. The authors established this under the assumption that the complex
structures I+, I− commute, and in subsequent works [22, 21] it was established under the assumption
that the commutator [I+, I−] has constant rank. The purpose of this paper is to introduce a new
mathematical approach to this problem, and to solve the general case, where the rank of [I+, I−]
is not locally constant, a common situation in examples. It is important to emphasize that in this
paper, we do make the simplifying assumption that I+ + I− is invertible (what we call “symplectic
type”); in the language of superfields, we assume there are chiral and semichiral superfields, but
no twisted chiral superfields.
We now give a brief outline of the main ideas and results in the paper. In Section 1, we review
the key tools from Dirac geometry and generalized complex geometry which we use, and we define
the notion of a generalized Ka¨hler structure of symplectic type to which all our main results apply.
Most importantly, we explain Hitchin’s observation that the commutator [I+, I−] defines a pair of
holomorphic Poisson structures σ+, σ− relative to the complex structures I+, I−.
In Section 2, we revisit the classical Ka¨hler case and explain an important observation of Don-
aldson that the Ka¨hler potential function has a global interpretation as a Lagrangian submanifold
of a holomorphic symplectic affine bundle deforming the cotangent bundle and determined by the
2
Ka¨hler class. Our main insight is that it is this viewpoint on Ka¨hler geometry which may be
profitably generalized.
The space which plays the role of the holomorphic symplectic affine bundle in our more general
construction is a Morita equivalence bibundle relating the Poisson structures σ+ and σ−. Morita
equivalence is a relation between Poisson manifolds introduced by Weinstein and Xu [26, 27], and
involves a symplectic manifold which maps via Poisson maps to the spaces being related; it may
be viewed as an invertible generalized morphism. We review the key properties of this equivalence
relation on Poisson manifolds in Section 3.
In Section 4, we prove our main result, Theorem 4.3, showing that generalized Ka¨hler structures
of symplectic type are equivalent to holomorphic symplectic Morita equivalences equipped with a
bisection which is Lagrangian for the imaginary part of the holomorphic symplectic form (i.e., a
Lagrangian brane). We also explain the curious way in which such a Lagrangian brane determines
a symmetric tensor—the generalized Ka¨hler metric.
Having expressed the geometry in terms of a Lagrangian brane in a holomorphic symplectic
manifold, we are able in Section 5 to generalize the classical generating function technique to obtain
a local description in terms of a single real-valued function, the generalized Ka¨hler potential. We
verify that our potential reduces to those found earlier in special cases, and we use it to produce a
new example (Proposition 5.6) of a generalized Ka¨hler metric which has a global generalized Ka¨hler
potential, yet whose Poisson structures are not of constant rank.
In Section 6, we explore the basic features of the category of holomorphic symplectic Morita
equivalences equipped with brane bisection. Real versions of this category or Picard groupoid have
been investigated recently [5, 3], and so we carefully explain the unexpected link to generalized
Ka¨hler geometry.
Since our main result represents a generalized Ka¨hler metric as a Lagrangian submanifold, it is
clear that the group of Hamiltonian flows must act on the space of generalized Ka¨hler metrics. In
Section 7, we develop this idea into a method for deforming generalized Ka¨hler structures. We also
show that this flow method specializes to the existing constructions [1, 16, 17, 12] of generalized
Ka¨hler metrics. Finally, in Section 8, we use the above results to prove, in Theorem 8.2, that any
generalized Ka¨hler structure of symplectic type may locally be constructed via the flow method
applied to a natural “degenerate” generalized Ka¨hler structure which exists on any holomorphic
Poisson manifold. In other words, we have the striking result that, locally, any generalized Ka¨hler
structure of symplectic type may be obtained by applying the flow construction to a holomorphic
Poisson structure.
Acknowledgements. We would like to thank Nigel Hitchin, Chris Hull, Ulf Lindstro¨m, Martin
Rocˇek, David Mart´ınes Torres, and Rikard von Unge for discussions on this subject over many years.
F.B. is supported by an NSERC CGS Doctoral award, M.G. is supported by an NSERC Discovery
Grant, and M.Z. is supported by Vetenskapsr˚adet under grant W2014-5517, by the STINT grant
and by the grant “Geometry and Physics” from the Knut and Alice Wallenberg foundation.
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1 Generalized Ka¨hler structures of symplectic type
We start by reviewing the concept of Generalized Ka¨hler (GK) geometry and its many reformula-
tions, as well as the subclass of GK structures of symplectic type which will be the main subject of
this paper. We begin with the notion of bihermitian geometry, first formulated by Gates, Hull, and
Rocˇek in the context of N = (2, 2) supersymmetry [11]. A bihermitian structure on a manifold M
consists of the data (g, I+, I−) of a Riemannian metric g and two complex structures I± such that
g is Hermitian with respect to both complex structures and such that the following integrability
conditions are satisfied:
dc+ω+ + d
c
−ω− = 0, dd
c
±ω± = 0,
where ω± = gI± are the associated Hermitian forms and dc± = i(∂± − ∂±) are the real operators
determined by the two complex structures. The closed 3-form H = ±dc±ω± is used to define
the Wess–Zumino–Witten term in the non-linear sigma model. We assume that it is trivial in
cohomology and choose an explicit potential b such that H = −db, called the B-field. Hence we
are concerned with the following data: (g, I+, I−, b). Note that these data admit an action of the
additive group of closed 2-forms Ω2,cl(M):
B : (g, I+, I−, b) 7→ (g, I+, I−, b+B),
which we refer to as B-field gauge transformations.
As explained in [13], this geometry admits a reformulation in terms of commuting generalized
complex structures on TM ⊕ T ∗M known as generalized Ka¨hler geometry. Let us briefly recall the
relevant notions. The bundle T = TM ⊕ T ∗M admits a natural split-signature non-degenerate
symmetric pairing (let X,Y ∈ Γ(TM) and ξ, η ∈ Γ(T ∗M)):
〈X + ξ, Y + η〉 = 1
2
(ξ(Y ) + η(X)),
as well as an extension of the Lie bracket, known as the Courant bracket :
[[X + ξ, Y + η]] = [X,Y ] + LX(η)− ιY (dξ),
which satisfies the Jacobi identity but is skew-symmetric only up to an exact term involving the
above pairing. A generalized complex (GC) structure is defined to be an endomorphism J of T
squaring to −1 which is compatible with the symmetric pairing and such that its +i eigenbundle
L in the complexification TC = T ⊗ C is closed under the (complexified) Courant bracket. A
generalized Ka¨hler structure is then given by a pair (JA, JB) of commuting generalized complex
structures such that the product G = −JAJB defines a positive definite metric on TM , which is to
say that for all non-zero v ∈ TM :
〈Gv, v〉 > 0.
The bihermitian structure (g, I+, I−, b) may be encoded in the following Generalized Ka¨hler pair:
JB =
1
2
eb
(
I+ + I− −(ω−1+ − ω−1− )
ω+ − ω− −(I∗+ + I∗−)
)
e−b,
JA =
1
2
eb
(
I+ − I− −(ω−1+ + ω−1− )
ω+ + ω− −(I∗+ − I∗−)
)
e−b,
where the conjugation is by the natural orthogonal symmetry determined by b:
eb =
(
1 0
b 1
)
.
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Conversely, given a GK pair (JA, JB), it is possible to recover the bihermitian data in the following
way: the product G = −JAJB has eigenvalues ±1, with corresponding eigenbundles
C± = {X + (b± g)X | X ∈ TM},
which determine g and b. These eigenbundles map isomorphically to TM by the natural projection,
and I± is given by the restriction of JB to C±. Note that B-field gauge transformations act on the
GK structure by conjugation:
B : (JA, JB) 7→ (eBJAe−B , eBJBe−B).
The GC structures are themselves fully specified by their +i eigenbundles LA, LB ⊂ TC, which
are complex Dirac structures: maximal isotropic subbundles of TC which are involutive for the
Courant bracket. As such, it is possible to completely characterize the conditions for generalized
Ka¨hler geometry in terms of the Dirac structures LA and LB, leading to yet another reformulation
of the geometry. This is what is done in [14], and we reproduce the key statements here. For this,
we need two basic observations concerning Dirac structures.
The first is that holomorphic Poisson structures may be viewed as Dirac structures in the
following way. Given a complex structure I on the manifold M and a holomorphic Poisson tensor
σ, we decompose it into real and imaginary parts σ = − 14 (IQ + iQ), and define the following GC
structure:
Jσ =
(−I Q
0 I∗
)
.
The +i eigenbundle of Jσ is the complex Dirac structure
Lσ = {X + σ(ζ) + ζ | X ∈ T 0,1M, ζ ∈ T ∗1,0M}.
Note that this Dirac structure encodes both the complex structure I and the Poisson tensor σ; Lσ
is involutive if and only if I is integrable, σ is holomorphic, and σ is Poisson. Also, because the
intersection with the complexified tangent bundle TC = TM ⊗ C is given by Lσ ∩ TC = T 0,1, the
Dirac structure Lσ satisfies the special property that TC = (Lσ ∩ TC) ⊕ (Lσ ∩ TC). It is shown in
[14] that this property is in fact enough to guarantee that a complex Dirac structure arises from a
holomorphic Poisson structure in the manner described above.
Second, we recall the notion of linear combination of Dirac structures. Given a Dirac structure
L ⊂ TC, we may scale it by λ ∈ C∗ to produce a new Dirac structure:
λL = {X + λα | X + α ∈ L}.
Similarly, given a pair of Dirac structures L1 and L2 such that their projections to TC are transverse,
we define the sum Dirac structure:
L1 + L2 = {X + α+ β | X + α ∈ L1, X + β ∈ L2}.
Since it occurs frequently, we use the notation L1 − L2 to denote L1 + (−1)L2. Any closed 2-form
B defines a Dirac structure through its graph ΓB = {X + iXB | X ∈ TM}; a key property of the
Dirac sum is that addition of ΓB coincides with gauge transformation: for any Dirac structure L,
eB(L) = L+ ΓB . (1.1)
Proposition 1.1. [14, Proposition 4.3] A pair LA, LB ⊂ TM ⊗ C of complex Dirac structures
defines a GK structure precisely when the following three properties are satisfied:
1. Both Dirac structures define GC structures, which is to say that LA∩LA = 0 and LB∩LB = 0.
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2. The complex Dirac structures
Lσ+ =
i
2
(LB − LA), Lσ− =
i
2
(LB − LA),
define holomorphic Poisson structures (I+, σ+), (I−, σ−) respectively.
3. For all nonzero u ∈ LA ∩ LB, we have 〈u, u〉 > 0.
The complex structures I± arising in the Proposition are indeed those of the original bihermitian
data, and the Poisson tensors σ± are those first observed by Hitchin in [16]. They share a com-
mon imaginary part which can be expressed in terms of the original bihermitian data (g, I+, I−).
More precisely, the holomorphic Poisson structures are given by σ± = − 14 (I±Q + iQ), where
Q = 12 [I−, I+]g
−1.
1.1 Symplectic type
In this paper, we consider only GK structures of symplectic type, defined as follows:
Definition 1.2. A generalized Ka¨hler structure (JA, JB) is of symplectic type if JA is gauge equiv-
alent to a symplectic structure. That is, there is a closed 2-form β such that
eβJAe−β =
(
0 −F−1
F 0
)
,
where F is a symplectic form.
The +i-eigenbundle of such a JA is then
LA = Γ(β−iF ), (1.2)
which, using Proposition 1.1, leads to holomorphic Poisson structures given by
Lσ+ =
i
2
(LB − Γβ+iF ), Lσ− =
i
2
(LB − Γβ−iF ). (1.3)
Since the Dirac sum specializes to a gauge transformation (1.1), the above immediately implies
that the two Poisson structures are in fact gauge equivalent by the action of the symplectic form:
Lσ+ = e
FLσ− .
If we unpack what this means in terms of the data (I+, I−, Q, F ) of Proposition 1.1, we arrive at
the following two equations, first considered in [12]:
I+ − I− = QF, (1.4)
FI+ + I
∗
−F = 0. (1.5)
Due to the fact that Dirac sum by Γβ±iF is invertible, we see from (1.3) that we may reconstruct
the entire GK structure from (Lσ+ , Lσ− , F, β). For instance, the metric g and B-field b of the
bihermitian geometry are given as follows:
g = −1
2
F (I+ + I−), b = β − 1
2
F (I+ − I−), (1.6)
and the Dirac structure LB is given by
LB = eβ+iF (2iLσ−). (1.7)
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On the other hand, it is clear that equations 1.4 and 1.5 are not sufficient to guarantee that the
data (Lσ+ , Lσ− , F, β) defines a GK structure: for example, if I+ + I− fails to be invertible, then
we can see from equation 1.6 that we will not get a metric. For this reason, we make the following
definition:
Definition 1.3. A degenerate GK structure of symplectic type consists of the data (Lσ+ , Lσ− , F, β)
of two holomorphic Poisson structures (I±, σ±) and two closed 2-forms F, β ∈ Ω2,cl(M,R) such that
Lσ+ = e
FLσ− .
Example 1.4. Associated to any holomorphic Poisson structure (I, σ) there is a canonical degenerate
GK structure given by (Lσ, Lσ, 0, 0). 
Given a degenerate GK structure, we may construct complex Dirac structures LA, LB according
to equations 1.2 and 1.7 respectively. Then LA defines a GC structure if and only if F is non-
degenerate (i.e. symplectic) and LB defines a GC structure if and only if I+ + I− is invertible. In
the case that both these conditions hold then we get a GK structure but with a metric that may
be indefinite. Therefore, in order to get a genuine GK structure it is necessary to require that the
symmetric tensor g defined through equation 1.6 is positive-definite, in which case we say that F
is positive. This summarizes the content of the following theorem:
Theorem 1.5. [12, Theorem 6.2] There is a bijection between Generalized Ka¨hler structures of
symplectic type (LA, LB) and degenerate GK structures of symplectic type (Lσ+ , Lσ− , F, β) such
that the 2-form F is positive.
We will find it useful to study the larger class of degenerate GK structures, applying the con-
dition of positivity of the form F when we want to return to the setting of GK geometry. Also,
the action of B-field gauge transformations is particularly simple in the case of degenerate GK
structures: it acts only (and transitively) on the closed two-form β:
B : (Lσ+ , Lσ− , F, β) 7→ (Lσ+ , Lσ− , F, β +B).
In the remainder of this paper we will fix the gauge such that β = 0. Hence when speaking of de-
generate GK structures, we will only specify the data (Lσ+ , Lσ− , F ), or equivalently, (I+, I−, Q, F ).
The following is a useful result giving us another means of extracting the metric g and the
B-field b from the data (I+, I−, Q, F ):
Lemma 1.6. The Hermitian forms ω± = gI± associated to the bi-Hermitian data (g, I±) coincide
with the (1, 1) components of the symplectic form F relative to the complex structures I±:
ω± = F (1,1)± .
As a result, we obtain expressions for the metric and B-field
g = −F (1,1)±I±, b = ∓F (2,0)+(0,2)±I±.
Proof. We prove the result for the I− complex structure; the other case is completely analogous.
Starting with (1.6) and using (1.5), we have
ω− = gI− =
1
2
F (1− I+I−) = 1
2
(F + I∗−FI−) = F
(1,1)− .
The remaining statement is then another application of (1.6).
Remark 1.7. The above Lemma holds true even in the case that g and F are degenerate.
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2 Introduction to the problem: the Ka¨hler case
It is fundamental to Ka¨hler geometry that, given the underlying complex manifold, one can describe
the Ka¨hler metric locally by specifying a single real-valued function: the Ka¨hler potential. For this
reason, we may think of the complex moduli and the potential function as independent degrees of
freedom comprising the Ka¨hler structure. The main problem we solve is to determine the analogous
degrees of freedom inherent in Generalized Ka¨hler geometry. More precisely, we give an answer to
the following two questions in the setting of GK structures of symplectic type:
1. What is the holomorphic structure underlying a Generalized Ka¨hler manifold?
2. What additional data is needed to specify the Riemannian metric, and how is it determined
locally by a real-valued function?
To understand the methods we use to solve these questions, it is helpful to revisit them in the usual
Ka¨hler case, where our approach coincides with a reformulation of Ka¨hler geometry first considered
by Donaldson in his study of the complex Monge-Ampe`re equation [10].
Let X = (M, I) be a complex manifold equipped with a Ka¨hler metric g. Notice that this defines
a GK structure of symplectic type where I+ = I− = I and F = ω = gI is the Ka¨hler form. The
Hitchin Poisson structure in this case vanishes: Q = 12 [I, I]g
−1 = 0. We begin by explaining how
the Ka¨hler structure defines a deformation of the holomorphic cotangent bundle T ∗X. First, cover
the manifold X by open sets Ui on which a Ka¨hler potential Ki ∈ C∞(Ui,R) is chosen: ω = i∂∂Ki.
On the double overlap Ui ∩ Uj we have ∂∂(Ki − Kj) = 0 and so µij = i∂(Ki − Kj) defines a
closed holomorphic (1, 0)-form. Therefore, we can define a holomorphic affine transformation on
the double overlap:
Aij : T
∗Ui|Ui∩Uj −→ T ∗Uj |Ui∩Uj , αx 7→ αx + µij(x).
In fact, Aij is also a symplectomorphism: if Ω0 is the canonical symplectic form on T
∗X, then
A∗ij(Ω0) = Ω0 + pi
∗µ∗ij(Ω0) = Ω0 + pi
∗dµij = Ω0,
where pi : T ∗X → X is the vector bundle projection. Since Aij defines a cocycle, we may define an
affine bundle Z modelled on T ∗X as follows:
Z = (
∐
i
T ∗Ui)/ ∼, (αx)i ∼ (Aij(αx))j .
Then Z inherits a symplectic form Ω, making it into a holomorphic symplectic manifold. In fact,
more is true: since the symplectic form on T ∗X is compatible with the additive structure, it follows
that the form Ω is compatible with the action of T ∗X on Z, in the sense that the graph of the
action map A : T ∗X ×X Z → Z in (T ∗X,Ω0) × (Z,Ω) × (Z,−Ω) is a holomorphic Lagrangian
submanifold. This holomorphic symplectic affine bundle (Z,Ω) is what encodes the underlying
holomorphic structure of the Ka¨hler manifold as well as the Ka¨hler class.
To see where the metric comes in, observe that the potentials Ki provide us with a global section
of Z → X. More precisely, if we define Li = −i∂Ki : Ui → T ∗Ui, then because
Aij ◦ Li(x) = −i∂Ki + µij = −i∂Ki + i∂(Ki −Kj) = Lj ,
we get a global section L : X → Z. This section fails to be holomorphic, but it has the interesting
property of being Lagrangian with respect to Im(Ω) and symplectic with respect to Re(Ω). Indeed,
computing the pullback we see that
L∗(Ω) = L∗i (Ω0) = d(−i∂Ki) = i∂∂Ki = ω,
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recovering the Ka¨hler form and hence the metric g. Submanifolds such as the image of L, which
are Lagrangian with respect to Im(Ω) and which provide sections of the projection Z → X, are
what we will come to call brane bisections. They are what encode the extra data needed to recover
the metric in GK geometry.
Let us note one more thing about the affine bundle Z: using the brane L we can define a
diffeomorphism between the underlying smooth manifolds
ψ : T ∗X → Z, αx 7→ αx + L(x).
Using the above mentioned fact that the symplectic forms are compatible with the affine bundle
structure we see that
ψ∗Ω = Ω0 + pi∗L∗Ω = Ω0 + pi∗ω.
In other words, the affine bundle (Z,Ω) is nothing but a twisted cotangent bundle (T ∗X,Ω0 + ω),
and the brane bisection L corresponds simply to the zero section.
Having separated the Ka¨hler degrees of freedom into the holomorphic moduli of (Z,Ω) and the
choice of a smooth brane L, it is natural to study the deformations of L keeping (Z,Ω) fixed. Any
deformation L′ : X → Z of L is given by the graph of a (1, 0)-form α. Pulling back the symplectic
form, we get
ω′ := (L′)∗Ω = α∗(Ω0 + pi∗ω) = ω + dα.
That L′ is a brane imposes the condition that ω′ is real; using the ∂∂-lemma, we conclude that
ω′ − ω = i∂∂f , for a real-valued function f . In short, varying L with (Z,Ω) fixed is equivalent to
varying ω within its Ka¨hler class.
Proposition 2.1. [10, Section 2.] On a Ka¨hler manifold, the cohomology class [ω] of the Ka¨hler
form determines a holomorphic symplectic affine bundle (Z,Ω) modelled on the cotangent bundle,
and the metric g determines a smooth section L of the bundle Z which is symplectic for Re(Ω) and
Lagrangian for Im(Ω). Conversely, this data (Z,Ω,L) uniquely determines the Ka¨hler structure.
Under this correspondence, deforming L is equivalent to varying ω within the Ka¨hler class.
As we will see, the situation is much the same in the general case of GK geometry of symplectic
type. We will again be able to encode the GK geometry in terms of a brane bisection in a holo-
morphic symplectic manifold. The crucial difference will be that the symplectic manifold, far from
being a twisted cotangent bundle, is determined by the Hitchin Poisson structure according to the
theory of symplectic Morita equivalence.
3 Holomorphic symplectic Morita equivalence
In order to access the holomorphic structure underlying GK geometry, we need to begin with the
underlying holomorphic Poisson structures σ±. In this section, we recall the necessary tools from
Poisson geometry.
A fundamental feature of Poisson geometry is that a Poisson structure Q determines a (singular)
foliation of the underlying manifold M by symplectic leaves. These leaves are equivalence classes of
points related by Hamiltonian flows. Taking the quotient of M by this equivalence relation defines
a generalized space, which can be suitably upgraded to a differentiable stack. Viewed in this way,
i.e., as stacks, Poisson manifolds inherit a more general notion of morphism than the usual Poisson
maps. Such generalized morphisms between the associated stacks may be conveniently described
in terms of spans of Poisson maps, as follows. A generalized morphism between Poisson manifolds
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(M1, Q1) and (M2, Q2) is given by a symplectic manifold (S, ω), together with Poisson maps
(S, ω)
yy %%
(M1, Q1) (M2,−Q2)
satisfying a list of properties (see [6] for more details). Note that a symplectic manifold (S, ω)
equipped with a Poisson map to (M,Q) is called a symplectic realization, a concept introduced by
Weinstein in [25]. Poisson manifolds, spans of symplectic realizations, and isomorphisms between
spans assemble into a 2-category. The equivalences in this category are the main objects of interest
in our study of GK geometry of symplectic type. These are known as Morita equivalences and were
first introduced by Xu [27] who gave the following definition:
Definition 3.1 (Morita equivalence). A Morita equivalence between Poisson manifolds (M1, Q1)
and (M2, Q2) is a symplectic manifold (S, ω) together with a pair of surjective submersions pi1 :
S →M1, pi2 : S →M2 with connected and simply-connected fibres such that
1. pi1 is Poisson and pi2 is anti-Poisson;
2. the vertical distributions ker(dpi1) and ker(dpi2) are symplectically orthogonal;
3. pi1, pi2 are complete in the sense that the pullback of any complete Hamiltonian vector field is
complete.
We view this as a morphism from (M2, Q2) to (M1, Q1).
The identity Morita self-equivalence (Σ(M),Ω) of a Poisson manifold (M,Q) comes equipped
with an isomorphism Σ(M)◦Σ(M) ∼= Σ(M), reflecting the fact that composition with the identity is
trivial up to isomorphism. This endows the space Σ(M) with the structure of a Lie groupoid, making
it into a symplectic groupoid, a notion due to Karase¨v, Weinstein and Zakrzewski [19, 26, 30, 31].
Definition 3.2 (Symplectic groupoid). A symplectic groupoid (G ⇒ M,Ω) is a Lie groupoid
G equipped with a symplectic structure Ω such that the graph of the multiplication map is a
Lagrangian submanifold of G × G¯ × G¯, where G¯ denotes G with the opposite symplectic form −Ω.
Remark 3.3. A symplectic form on G satisfying the above property is called a multiplicative form.
Equivalently, Ω satisfies the following equation on the fibre product G ×M G
m∗Ω = p∗1Ω + p
∗
2Ω,
where m : G×M G → G is the groupoid multiplication, and pi : G×M G → G are the two projections.
Given a Poisson manifold, the existence of an identity Morita self-equivalence is governed by
whether a certain Lie algebroid determined by the Poisson structure is integrable to a Lie groupoid.
For this reason we call (Σ(M),Ω) an integration of the Poisson manifold, and we call the Poisson
manifold integrable if such an integration exists. In the category of smooth Lie groupoids this
problem was solved by Crainic and Fernandes [9], inspired by the work of Cattaneo and Felder [7].
In the holomorphic category, this problem was studied by Laurent-Gengoux, Stie´non and Xu [20],
who showed that a holomorphic Poisson manifold is integrable if and only if its underlying real or
imaginary part is an integrable real Poisson structure. We assume that all our Poisson manifolds
are integrable. A given Poisson manifold may have several different integrations, but there is a
unique source simply connected one, characterized by the fact that the fibers of the source map are
connected and simply connected [23, Proposition 6.8]; this is the identity Morita self-equivalence
Σ(M) above, and we refer to it as the Weinstein groupoid.
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Let (S, ω) be a Morita equivalence between Poisson manifolds (M1, Q1) and (M2, Q2). Since
composition with the identity Morita equivalence is trivial up to isomorphism, we obtain isomor-
phisms Σ(M1)◦S ∼= S and S◦Σ(M2) ∼= S. These define actions of the groupoids Σ(Mi) on the space
S, endowing S with the structure of a bi-principal groupoid bi-bundle for the pair (Σ(M1),Σ(M2)).
Most importantly for our purposes, these actions are symplectic in the sense that the graphs of the
action maps are Lagrangian submanifolds in the product Σ(Mi)× S × S¯, where S¯ denotes S with
the opposite symplectic form. In this way, we make contact with the theory of Morita equivalence
for symplectic Lie groupoids. The following theorem of Xu tells us that the notions of Morita
equivalence for symplectic groupoids and Poisson manifolds agree.
Theorem 3.4. [27, Theorem 3.2] Two integrable Poisson manifolds (M1, Q1) and (M2, Q2) are
Morita equivalent if and only if their Weinstein groupoids Σ(M1),Σ(M2) are (symplectically) Morita
equivalent.
3.1 Examples
We end this section with examples of symplectic groupoids and Morita equivalences.
Example 3.5 (Zero Poisson structure). The Weinstein groupoid integrating the zero poisson struc-
ture on a manifold M is given by the cotangent bundle T ∗M with its canonical symplectic form
and groupoid multiplication given by fibrewise addition. 
Example 3.6 (Symplectic manifold). The Weinstein groupoid of a simply connected symplectic
manifold (M,ω) is given by the pair groupoid Pair(M) = (M×M,ω⊕−ω). The source and target
maps are given by the two projections and the multiplication is given by the formula (a, b)∗ (b, c) =
(a, c). If M is not simply connected, the pair groupoid still provides an integration of (M,ω), but
now the Weinstein groupoid is given by the fundamental groupoid Π(M), with symplectic form
Ω = t∗ω − s∗ω, where t and s are the target and source maps, respectively. 
Example 3.7 (Lie-Poisson structure). Let g be a Lie algebra. Its dual g∗ has a natural Poisson
bracket extending the Lie bracket on g. If G is a Lie group integrating g then T ∗G with its
canonical symplectic form gives a symplectic groupoid integrating g∗. The source and target maps
are given by left and right trivialization respectively, and the multiplication is given by the following
formula:
ξg1 ? ηg2 := d(Rg−12
)∗g1g2(ξg1) = d(Lg−11 )
∗
g1g2(ηg2),
where Rg and Lg are right and left multiplication, respectively. By using left or right trivialization
we can see that this groupoid is isomorphic to the action groupoid induced by the coadjoint action
of G on g∗. See [8] for further details. 
Example 3.8. As a concrete instance of the previous example, consider the linear Poisson structure
on C2 given by Π = x∂x ∧ ∂y. This is a Poisson structure corresponding to the Lie algebra
g = Cx⊕Cy with bracket [x, y] = x. The Lie group integrating this algebra is the group G of affine
transformations of C (or rather the universal cover of this). Therefore we can obtain the symplectic
groupoid integrating our Poisson structure as the action groupoid for the coadjoint action of G on
g∗.
However, in the present case a more direct approach to integration is possible: note that the
Hamiltonian vector fields corresponding to the coordinate functions are given by Xx = x∂y and
X−y = x∂x. The vector field x∂x generates the multiplicative action of C: (a, x) : x 7→ eax, and
the vector field x∂y generates the additive action of C rescaled by a factor of x: (b, y) : y 7→ y+ xb.
Combining the two actions we get the action groupoid G = C2 n C2, with coordinates (a, b, x, y),
with the source and target maps given respectively by
s(a, b, x, y) = (x, y) t(a, b, x, y) = (eax, y + xb),
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and with the multiplication given by
(a1, b1, x1, y1) ? (a2, b2, x2, y2) = (a1 + a2, b1e
a2 + b2, x2, y2).
Note that indeed G = A˜ff(C) n C2: the action groupoid for the action of (the universal cover of)
the affine group on the dual of its Lie algebra.
To compute the symplectic form on G we make use of the following fact: in the case of an
invertible Poisson structure with corresponding symplectic form ω, the symplectic form on the
integrating groupoid is given by Ω = t∗ω − s∗ω (see Example 3.6 above). In the present case the
Poisson structure is invertible on a dense subset, corresponding to the meromorphic symplectic
form
ω =
1
x
dx ∧ dy.
Hence, it follows that the symplectic form on the groupoid G is given by the same formula:
Ω = t∗ω − s∗ω
=
1
eax
d(eax) ∧ d(y + xb)− 1
x
dx ∧ dy
= da ∧ d(y + xb)− db ∧ dx.
See [24] for further discussion of this example in the smooth category. 
We now consider examples of Morita equivalences.
Example 3.9. Recall from the discussion above that the Weinstein groupoid of a Poisson manifold
(M,Q) provides the trivial Morita self-equivalence of Q. Therefore all of the above examples of
groupoids also give examples of Morita equivalences. 
Example 3.10. Let S1 and S2 be simply connected symplectic manifolds. Then S1 ← S1× S¯2 → S2
defines a Morita equivalence. More generally, two symplectic manifolds are Morita equivalent if
and only if they have the same fundamental group. See [27] for details. 
Example 3.11. Morita equivalences can be composed with Poisson diffeomorphisms. Let σ : M2 →
M1 be a Poisson diffeomorphism and let M2
pi2←− S pi3−→ M3 be a Morita equivalence. Then we get
the following Morita equivalence
S
σ◦pi2
~~
pi3
  
M1 M3
In particular, by composing Poisson diffeomorphisms with the trivial Morita equivalence we get a
map from Poisson diffeomorphisms to Morita equivalences. 
Example 3.12. Let (M,Q) be a Poisson manifold. If B ∈ Ω2,cl(M) is a closed 2-form such that
id+B ◦Q : T ∗M → T ∗M is invertible then we can define a new Poisson structure
QB := Q ◦ (id+B ◦Q)−1,
which is called the B-field transform of Q. Bursztyn and Radko have shown in [4] that in this case
(M,Q) and (M,QB) are Morita equivalent in the following way
(Σ(M),Ω + t∗B)
t
ww
s
''
(M,QB) (M,Q)
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where (Σ(M),Ω) is the Weinstein groupoid of (M,Q) and s and t are the source and target maps,
respectively. In particular, if we apply this construction to the zero Poisson structure (M,Q =
0) then we get a Morita self-equivalence given by (T ∗M,Ω0 + p∗B), where Ω0 is the canonical
symplectic form and p : T ∗M →M is the projection. 
4 Generalized Ka¨hler metrics as brane bisections
For a GK structure of symplectic type, we have seen that there are two underlying holomorphic
Poisson structures σ±. These Poisson manifolds are not biholomorphically equivalent in general;
in fact, the underlying complex manifolds (M, I±) may not even be isomorphic. But, in analogy to
Example 3.12, it was shown in [2] that they are actually holomorphically Morita equivalent.
Proposition 4.1. [2, Proposition 6.4] Let (I+, I−, Q, F ) be a degenerate GK structure of symplectic
type, and let σ± = − 14 (I±Q+ iQ) denote the corresponding holomorphic Poisson structures on the
complex manifolds X± := (M, I±). Then (X+, σ+) and (X−, σ−) are holomorphically symplectically
Morita equivalent in a canonical way.
We recall the construction of the canonical Morita equivalence as it will be one of our main
objects of study. It can be broken up into two steps as follows:
1. Integrate (X−, σ−) to its holomorphic symplectic groupoid (Σ(X−),Ω−).
2. Deform Σ(X−) to the holomorphic symplectic manifold
(Z,Ω) = (Σ(X−),Ω− + t∗F ), (4.1)
where t is the target map of Σ(X−).
Note that by modifying the symplectic form, we are also modifying the underlying complex struc-
ture. To see this, recall that a (2, 0)-form can be written as Ω = ωI + iω, where I is the complex
structure and ω is real. Therefore, specifying the form Ω and insisting that it be holomorphic sym-
plectic is enough to specify a new complex structure. With respect to this deformed holomorphic
symplectic structure, the source map s remains holomorphic and anti-Poisson, while the target map
t is now holomorphic and Poisson as a map from (Z,Ω) to (X+, σ+). We use the notation pi+ = t
and pi− = s for these maps from the modified domain (Z,Ω). Proposition 4.1 then states that the
diagram
(Z,Ω)
pi+
yy
pi−
%%
(X+, σ+) (X−, σ−)
defines a Morita equivalence between (X−, σ−) and (X+, σ+).
This result shows that underlying any GK structure of symplectic type is a holomorphic sym-
plectic Morita equivalence between holomorphic Poisson structures. In order to recover the GK
structure from this Morita equivalence, we need some real (i.e. non-holomorphic) data. To see how
this arises, observe that since Z was obtained by deforming the holomorphic symplectic groupoid
Σ(X−), it contains a distinguished submanifold L coming from the identity bisection. This sub-
manifold is neither holomorphic nor Lagrangian in (Z,Ω). It is, however, characterized by the
following two properties:
1. The submanifold L ⊂ Z is a smooth section of both pi− and pi+; in other words, it is a smooth
bisection. This defines a diffeomorphism between the underlying smooth manifolds of X+ and
X−, which is required because a GK structure involves two complex structures living on the
same real manifold.
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2. The bisection L is Lagrangian with respect to ω = Im(Ω): from the point of view of generalized
complex geometry, this is known as a brane in (Z,Ω). Notice that (4.1) implies that Ω|L = F ,
so that we recover the real closed 2-form F .
We record the above properties satisfied by L in the following definition.
Definition 4.2. A brane bisection in the Morita equivalence (Z,Ω) is a smooth submanifold of Z
which is Lagrangian for Im(Ω) and which is a section of both pi− and pi+.
Theorem 4.3. A degenerate GK structure of symplectic type (I+, I−, Q, F ) is equivalent to a
holomorphic symplectic Morita equivalence with brane bisection (Z,Ω,L) between the holomorphic
Poisson structures σ± = − 14 (I±Q+ iQ).
Proof. One direction of the theorem follows from Proposition 4.1 and the above remarks. For
the converse direction let us start with a holomorphic symplectic Morita equivalence with brane
bisection (Z,Ω = B + iω,L) and construct a degenerate GK structure. Such a Morita equivalence
goes between two holomorphic Poisson manifolds (X±, σ± = − 14 (I±Q±+ iQ±)). Now observe that
(Z, ω) defines a real smooth symplectic Morita equivalence between the real Poisson structures
(X+, Q+) and (X−, Q−). The fact that L is a brane bisection means precisely that it defines a
Lagrangian bisection in this Morita equivalence, and therefore that it defines a Poisson diffeomor-
phism between the two Poisson structures. The upshot of this is that when we use the bisection
to identify X− = L = X+, then Q− = Q+. We denote this real Poisson structure by Q and the
underlying smooth manifold by M .
Now that we have made these identifications (Z, ω) defines a self-Morita equivalence of (M,Q)
and L is a Lagrangian bisection inducing the identity diffeomorphism on M . The symplectic
groupoid (Σ(X−),Ω− = B− + iω−) of (X−, σ−) acts principally on (Z,Ω), and so the brane L
induces the following isomorphism of smooth symplectic Morita equivalences
φ : (Σ(X−), ω−)→ (Z, ω), g 7→ λ(t(g)) ∗ g,
where λ : M → Z is the section of pi− induced by L. Using φ to compare the real parts of Ω− and
Ω we see that
φ∗(B) = B− + t∗(B|L). (4.2)
Let F := B|L. Then we see that under this isomorphism
φ∗(Ω) = Ω− + t∗(F ).
On the manifold M , we now have the data of the two complex structures I± coming from the
spaces X±, the real Poisson structure Q, and a closed 2-form F . We then show that (I+, I−, Q, F )
satisfy equations 1.4 and 1.5. For simplicity, we use φ to identity (Z, ω) with (Σ(X−), ω−). On this
space, we have complex structures I and I− coming from Z and Σ(X−), respectively. Note that
the complex structure I satisfies
t∗I = I+t∗, s∗I = I−s∗.
In order to verify equations 1.4 and 1.5, we show that they hold for (I, I−, ω−1, t∗(F )) on Σ(X−)
and therefore on M by push-forward. First we note that since B = ωI and B− = ωI−, we have
from equation 4.2 that ω(I − I−) = t∗(F ), which we can rearrange to equation 1.4:
I − I− = ω−1t∗(F ).
Applying the target projection we get
(I+ − I−)t∗ = t∗ω−1t∗Ft∗ = QFt∗,
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which implies equation 1.4 on M since t∗ is surjective. Note that the 2-form t∗(F ) gives rise to the
map t∗Ft∗ : T → T ∗. Equation 1.5 on the groupoid follows from a direct computation:
I∗t∗(F ) + t∗(F )I− = I∗ω(I − I−) + ω(I − I−)I− = 0,
where we have used the identities t∗(F ) = ω(I − I−) and I∗ω = ωI. But this implies the corre-
sponding equation on M since
t∗(I∗+F + FI−) = I
∗t∗(F ) + t∗(F )I− = 0,
and t∗ is injective on differential forms. This establishes equations 1.4 and 1.5 on M . It is clear
that the two constructions outlined are inverse to each other, so we get the desired equivalence.
Theorem 4.3 answers the main questions we raised in Section 2, identifying the Morita equiva-
lence (Z,Ω) as the underlying holomorphic data of a GK manifold of symplectic type, and showing
how the additional data of a brane bisection L specifies the GK metric. In Section 5, we explain
how L may be locally given by a real-valued potential function.
4.1 Induced metric
We now discuss how the metric and B-field of the GK structure arise from the holomorphic sym-
plectic Morita equivalence with brane bisection (Z,Ω,L). From the equivalence established in
Theorem 4.3, we know that a Morita equivalence with brane bisection gives rise to a degenerate
GK structure, and from this we can extract the data of a (possibly degenerate) metric and B-field.
In this section, we detail how to determine the metric and B-field directly from the geometry of
the Morita equivalence.
Given a real 2-form F and a complex structure I, the tensor FI decomposes into symmetric
and anti-symmetric parts: FI = S +A, where
S = F (1,1)I, A = F (2,0)+(0,2)I.
Given a Morita equivalence with brane bisection (Z,Ω,L), we have two induced complex structures
I± on the brane, as well as the real 2-form F = Ω|L. Therefore the tensors FI± give rise to
symmetric tensors S± = F (1,1)±I± and anti-symmetric tensors A± = F (2,0)+(0,2)±I±. From the
theory of GK structures we know to expect that S+ = S− and A+ = −A−. Indeed, from Lemma 1.6
we know that g = −S± and b = ∓A±. Here we explain these facts directly.
Proposition 4.4. Let (Z,Ω,L) be a holomorphic symplectic Morita equivalence with brane bi-
section, let I± denote the complex structures induced on the brane, and let F = Ω|L denote the
real 2-form on the brane obtained by pulling back the symplectic form. If S± = F (1,1)±I± and
A± = F (2,0)+(0,2)±I±, then
S+ = S− and A+ = −A−.
Proof. Let Ω = B + iω be the holomorphic symplectic form on Z, so that F = B|L. Writing A±
and S± as the (anti-)symmetrizations of FI±, we have
2S±(u, v) = B(I±u, v) +B(I±v, u), 2A±(u, v) = B(I±u, v)−B(I±v, u),
for u, v ∈ TL. Using the two direct sum decompositions of TZ along L determined by the fibres of
the projections pi±,
TZ|L = TL ⊕K±, K± = ker(dpi±),
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we can write the following expressions for I±:
Iu = I±u+ k±u, I±u ∈ TL, k±u ∈ K±,
for u ∈ TL. Then using the fact that K± are ω-symplectic orthogonal, TL is ω-Langrangian, and
ωI = I∗ω, we get the following identity
0 = ω(k+u, k−v) = ω(Iu− I+u, Iv − I−v) = ω(Iv, I+u)− ω(Iu, I−v),
for u, v ∈ TL. Using the relation B = ωI, this gives the following identity:
B(I+u, v) = B(I−v, u),
which implies the two identities above for S± and A±.
The upshot of the present discussion is as follows: when we pullback the holomorphic (2, 0)-
form Ω along a brane we get a real 2-form F which is no longer (2, 0) with respect to either of the
induced complex structures I±. As such, it gives rise to symmetric and anti-symmetric tensors on
the brane. The fact that F was obtained by pulling back the symplectic form of a holomorphic
Morita equivalence implies that we end up with a single symmetric and anti-symmetric tensor;
these give rise to the metric and B-field of the GK structure. The positivity or non-degeneracy
of the metric arises from the configuration of the brane in the Morita equivalence. For example,
g is non-degenerate if and only if I(TL) ∩ K = 0 = I(TL) ∩ TL, where K is the average of K±
with respect to TL. Indeed, the condition I(TL) ∩ TL = 0 is equivalent to invertibility of F and
I(TL)∩K = 0 is equivalent to invertibility of I+ + I−. Recall that these two conditions imply that
we get a GK structure with non-degenerate but possibly indefinite metric.
4.2 Examples
We end this section by providing examples of generalized Ka¨hler structures of symplectic type and
their corresponding holomorphic symplectic Morita equivalences with brane bisection.
Example 4.5 (Holomorphic Poisson structure). Let (M, I, σ) be a Poisson manifold, and let Q =
−4Im(σ). As in Example 1.4, the associated degenerate GK structure is given by the data
(I, I,Q, 0). The associated Morita equivalence with brane bisection is given by the holomorphic
symplectic groupoid (Σ(X),Ω) integrating σ, viewed as the trivial Morita self-equivalence, with
brane bisection given by the identity bisection . 
Example 4.6 (Ka¨hler Manifold). A Ka¨hler manifold (M, I, g, ω) defines a generalized Ka¨hler struc-
ture of symplectic type for which I± = I, Q = 0, and F = ω. Therefore the Morita equivalence is
given by the holomorphic cotangent bundle of X = (M, I) twisted by ω:
(Z,Ω) = (T ∗X,Ω0 + pi∗ω),
where pi : T ∗X → X is the projection and Ω0 is the canonical symplectic form. The brane bisection
L is given by the zero section viewed inside of Z. As discussed in Section 2, (Z,Ω) is an affine bundle
modelled on the holomorphic cotangent bundle of X, and the brane bisection is both symplectic
with respect to Re(Ω) and Lagrangian with respect to Im(Ω). Conversely, any such affine bundle
A → X gives a Morita equivalence and any section L of pi = pi+ = pi− which is symplectic for Re(Ω)
and Lagrangian for Im(Ω) automatically defines a non-degenerate bilinear form on M . This is due
to the fact that K = ker(dpi) is a complex Lagrangian, which implies that I(TL) ∩ ker(dpi) = 0. 
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Example 4.7 (Hyper-Ka¨hler Manifold). Let (M, I, J,K, g) be a hyper-Ka¨hler structure, and let
(ωI , ωJ , ωK) = (gI, gJ, gK)
be the corresponding triple of Ka¨hler forms. This data defines the GK structure of symplectic type
(I+, I−, Q, F ) = (I, J, ω−1K , ωI + ωJ).
The induced holomorphic Poisson structures are non-degenerate, with corresponding holomorphic
symplectic forms
Ω+ = ωJ + iωK , Ω− = −ωI + iωK .
Let X± = (M, I±). Then, assuming that M is simply-connected (or using a non source-simply
connected integration), we have a holomorphic Morita equivalence given by
(Z,Ω) = (X+,Ω+)× (X−,−Ω−),
with pi+ and pi− given by the projections onto the first and second factors respectively. The brane
bisection L is then given by the diagonally embedded copy of M :
L = {(m,m) | m ∈M} ⊆ Z.

5 The generalized Ka¨hler potential
In this section, we discuss an application of our main result to the problem of locally describing a
generalized Ka¨hler structure in terms of a real-valued function analogous to the Ka¨hler potential.
There is evidence in the physics literature for the existence of such a generalized Ka¨hler potential
(see for example [29, 21, 18, 22]). However, all previous constructions only work in a neighbourhood
where the Poisson structure Q is regular (i.e. has constant rank). As we will see, by viewing a
GK structure as a brane in a holomorphic symplectic Morita equivalence, one can describe the
geometry in terms of a real-valued function even in a neighbourhood where the Poisson structure
changes rank. The fundamental reason for this is that the brane L is a Lagrangian submanifold of
the real symplectic manifold (Z, Im(Ω)), and so may be described using a generating function.
Our generalized Ka¨hler potential is obtained in the following way. Let (Z,Ω,L) be a holomorphic
symplectic Morita equivalence with brane bisection. Choose a Darboux chart of (Z,Ω), i.e. a local
holomorphic symplectomorphism
(T ∗L,Ω0)→ (Z,Ω),
where L ⊂ Z is a holomorphic Lagrangian submanifold and Ω0 is the canonical holomorphic
symplectic form on the holomorphic cotangent bundle T ∗L. Using the identification of T ∗L with
the bundle of (1, 0)-forms, the brane L can be viewed as a smooth submanifold of T ∗1,0L. We require
that the Darboux chart be generic in the sense that L is the graph of a (1, 0)-form η ∈ Ω1,0(L).
Then, since
dη = η∗Ω0 = Ω|L = F
is a real closed 2-form, we have that d(Im(η)) = 0, which locally implies that Im(η) = − 12dK, for
K ∈ C∞(L,R) a smooth real-valued function on L, uniquely determined up to a real constant.
And since η is a (1, 0)-form, its real part is determined by its imaginary part, so that η = −i∂K
and, finally,
F = i∂∂¯K.
Therefore we call K the generalized Ka¨hler potential for the GK structure, and we record these
observations in the following theorem.
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Theorem 5.1. Let (Z,Ω,L) be a holomorphic symplectic Morita equivalence with brane bisection.
Given a generic Darboux chart (T ∗L,Ω0) → (Z,Ω), there is a smooth real-valued function K ∈
C∞(L,R), unique up to an additive real constant, such that L = Gr(−i∂K). Furthermore, the real
2-form F = Ω|L is given by F = i∂∂¯K. We call K the generalized Ka¨hler potential.
5.1 Examples
In the first example, we see that the generalized Ka¨hler potential does indeed specialize to the
classical Ka¨hler potential.
Example 5.2 (Ka¨hler potential). Suppose the Poisson structure vanishes: Q = 0. Then a GK
structure of symplectic type is automatically Ka¨hler, and as we saw in Example 4.6, the Morita
equivalence is given by a twist of the holomorphic cotangent bundle by the Ka¨hler form ω:
(Z,Ω) = (T ∗X,Ω0 + pi∗ω),
and the brane bisection L is given by the zero section of T ∗X viewed as a brane in Z. Now choose
a local holomorphic Lagrangian section λ of pi : Z → X with domain U ⊂ X and image L. The
projection pi defines a holomorphic isomorphism from L to U , and so we can use the natural action
of T ∗X on Z to define the following holomorphic Darboux chart:
(T ∗U,Ω0)→ (Z,Ω), αx 7→ αx + λ(x),
where αx ∈ T ∗xU . Theorem 5.1 then tells us that L = Gr(−i∂K) and ω = i∂∂¯K, for a real-valued
function K ∈ C∞(U,R), recovering the usual notion of Ka¨hler potential. 
In the case where the underlying Poisson structure Q is regular, it is possible to choose the
Darboux chart in such a way as to recover the GK potentials occurring in the physics literature:
Example 5.3 (Non-degenerate Poisson structure). If the Poisson structureQ = ω−1 is non-degenerate,
then both of the holomorphic Poisson structures σ± are as well, with corresponding holomorphic
symplectic forms
Ω± = ωI± + iω.
The Morita equivalence between the resulting holomorphic symplectic manifolds is then
(Z,Ω) = (X+,Ω+)× (X−,−Ω−),
with pi+ and pi− the projections onto the first and second factors, respectively. The brane bisection
L is given by the diagonally embedded manifold. We now construct a holomorphic Darboux chart
on Z from a pair of holomorphic Darboux charts for (X±,Ω±): let (qα, pα)nα=1 define a holomorphic
Darboux chart on X+ so that Ω+ = dpα ∧ dqα, and let (Qα, Pα)nα=1 define a holomorphic Darboux
chart on X− so that Ω− = dPα ∧ dQα. Then (qα, pα, Qα, Pα)nα=1 defines a holomorphic chart on Z
with respect to which the form Ω has the following expression:
Ω = dpα ∧ dqα + dQα ∧ dPα.
A natural choice for the complex Lagrangian in (Z,Ω) is given by L = {Qα = pα = 0}, so that
(qα, pα, Q
α, Pα)
n
α=1 define a holomorphic Darboux chart with q
α and Pα coordinates along L and
pα and Q
α the fibre coordinates. Theorem 5.1 then tells us that in the generic situation, the brane
is given in these coordinates by the graph of −i∂K for a real-valued function K(qα, Pα, q¯α, P¯α):
L = {(qα, pα, Qα, Pα)nα=1 | pα = −i
∂K
∂qα
, Qα = −i ∂K
∂Pα
},
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and the symplectic form is given by F = i∂∂¯K. Using qα and Pα as coordinates on this brane, we
can then express all of the remaining data in terms of the GK potential K as follows. First, the
two projection maps pi± have the following coordinate expressions
pi+|L(qα, Pα) = (qα,−i ∂K
∂qα
), pi−|L(qα, Pα) = (−i ∂K
∂Pα
, Pα),
and therefore the holomorphic symplectic forms Ω± can be expressed as follows
Ω+ = i
( ∂2K
∂q¯β∂qα
dqα ∧ dq¯β + ∂
2K
∂Pβ∂qα
dqα ∧ dPβ + ∂
2K
∂P¯β∂qα
dqα ∧ dP¯β
)
Ω− = i
( ∂2K
∂P¯β∂Pα
dP¯β ∧ dPα + ∂
2K
∂qβ∂Pα
dqβ ∧ dPα + ∂
2K
∂q¯β∂Pα
dq¯β ∧ dPα
)
.
Since these forms are holomorphic symplectic, they determine the complex structures I±. The
symplectic form ω is the common imaginary part of Ω±:
ω =
1
2
( ∂2K
∂Pβ∂qα
dqα ∧ dPβ + ∂
2K
∂P¯β∂qα
dqα ∧ dP¯β + c.c.
)
.
In this way, we recover the expressions found in [29, Section 4.2]. 
We now use our notion of GK potential to construct new examples of 4-dimensional GK struc-
tures for which the Hitchin Poisson structure is not of constant rank, dropping from full rank to
zero along a codimension 2 submanifold.
Example 5.4. Recall from Example 3.8 that the Poisson structure Π = x∂x∧∂y on C2 has symplectic
groupoid G = C4, with source and target maps
t(a, b, x, y) = (eax, y + xb), s(a, b, x, y) = (x, y),
and symplectic form Ω = da∧d(y+xb)−db∧dx. Viewing this as the trivial Morita equivalence we
can upgrade this to an example of a GK structure by the appropriate choice of a brane bisection.
In order to apply Theorem 5.1 we choose a Darboux chart for the groupoid as follows:
(p1, p2, q1, q2) = (a,−b, y + xb, x).
This puts the symplectic form into the standard form
Ω = dp1 ∧ dq1 + dp2 ∧ dq2.
We take q1, q2 to be coordinates on the Lagrangian and p1, p2 the cotangent fibre coordinates. The
source and target maps then have the form
t(p1, p2, q1, q2) = (e
p1q2, q1), s(p1, p2, q1, q2) = (q2, q1 + p2q2).
According to Theorem 5.1, to define a brane it suffices to choose a real-valued function of q1 and
q2. We take
K(q1, q2) = q1q¯1 + q2q¯2.
Then the brane is given by the graph of the (1, 0)-form −i∂K = −i(q¯1dq1 + q¯2dq2). That is, the
brane is given by
L = {(p1, p2, q1, q2) | p1 = −iq¯1, p2 = −iq¯2}.
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Using q1 and q2 as coordinates on L, the source and target maps (restricted to L) are
t(q1, q2) = (e
−iq¯1q2, q1), s(q1, q2) = (q2, q1 − i|q2|2).
Because these are diffeomorphisms, L is a bisection of s and t. Hence the triple (G,Ω,L) defines a
degenerate GK structure of symplectic type. By Theorem 5.1, the 2-form is given by
F = i∂∂¯K = i(dq1 ∧ dq¯1 + dq2 ∧ dq¯2).
In these coordinates, the Hitchin Poisson structure is given by
Q =
1
2i
(q2∂q2 ∧ ∂q1 − q¯2∂q¯2 ∧ ∂q¯1),
and the complex structures I± can be specified by their holomorphic coordinate functions: the I+-
holomorphic functions are given by t∗x = e−iq¯1q2 and t∗y = q1, while the I−-holomorphic functions
are given by s∗x = q2 and s∗y = q1 − i|q2|2.
In order to see that this defines a GK structure, we must determine whether, and where, the
induced metric g is positive definite. First we determine where g is invertible: by Lemma 1.6 this
happens precisely where ω− = gI− = F (1,1)− is invertible, where F (1,1)− is the (1, 1)-component of
F with respect to the I− complex structure. We have
F (1,1)− = idq1 ∧ dq¯1 + i(1− 2|q2|2)dq2 ∧ dq¯2 + q¯2dq2 ∧ dq1 + q2dq¯2 ∧ dq¯1,
so that
F (1,1)− ∧ F (1,1)− = −2(1− |q2|2)dq1 ∧ dq¯1 ∧ dq2 ∧ dq¯2.
Hence g is invertible whenever |q2| 6= 1. Along q2 = 0, we have s∗(dx ∧ dy) = dq2 ∧ dq1, so that I−
coincides with the standard complex structure in coordinates (q1, q2), and F
(1,1)− = idq1 ∧ dq¯1 +
idq2 ∧ dq¯2. Since these formulas coincide with the standard Ka¨hler structure on C2, we know that
g is positive definite when q2 = 0 and therefore in the region |q2| < 1. Therefore this defines a
generalized Ka¨hler structure on C×D, where D = {q2 | |q2| < 1}. The metric has the explicit form
g = 2(dq1dq¯1 + dq2dq¯2 + iq¯2dq1dq2 − iq2dq¯1dq¯2).
Note that if we restrict to the disc {q1 = c} ×D the metric pulls back to 2dq2dq¯2, and so this disc
has finite volume. Therefore the metric is not complete by the Hopf-Rinow theorem. 
Example 5.5. We now generalize the previous example by choosing a different generalized Ka¨hler
potential K, of the following form:
K(q1, q2) = a(q1, q¯1) + b(q2, q¯2),
for real-valued functions a and b. The brane is then given by
L = {(p1, p2, q1, q2) | p1 = −i∂q1a, p2 = −i∂q2b}.
Again, t and s restrict to L to be diffeomorphisms, and hence L defines a brane bisection, defining
a degenerate GK structure. In terms of the real-valued functions
α(q1, q¯1) =
∂2a
∂q1∂q¯1
, β(q2, q¯2) =
∂2b
∂q2∂q¯2
,
we have
F = i(αdq1 ∧ dq¯1 + βdq2 ∧ dq¯2),
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which has (1, 1) component with respect to I− given by
F (1,1)− = iαdq1 ∧ dq¯1 + iβ(1− 2αβ|q2|2)dq2 ∧ dq¯2 + αβq¯2dq2 ∧ dq1 + αβq2dq¯2 ∧ dq¯1,
so that
F (1,1)− ∧ F (1,1)− = −2αβ(1− αβ|q2|2)dq1 ∧ dq¯1 ∧ dq2 ∧ dq¯2.
Furthermore, the induced metric is given by
g = 2(αdq1dq¯1 + βdq2dq¯2 + iαβq¯2dq1dq2 − iαβq2dq¯1dq¯2).
We want the metric to be positive definite. Setting q2 = 0 shows that we must have α, β > 0. The
expression for F (1,1)− ∧ F (1,1)− shows that g will be invertible precisely when
1 6= αβ|q2|2.
Setting q2 = 0 shows that we must therefore require that αβ|q2|2 < 1. Finally, because α and
β depend only on q1, q¯1 and q2, q¯2 respectively, α must be bounded by a constant and β must
be bounded by C|q2|2 , for C a positive constant. Under these assumptions, we obtain examples of
generalized Ka¨hler structures of symplectic type. 
Proposition 5.6. In the context of the previous example, choose the generalized Ka¨hler potential
to be
K(q1, q2) =
|q1|2
C
− Li2(−|q2|2),
for C > 1 a constant, where Li2(z) = −
∫ z
0
log(1 − u)duu is the dilogarithm. Then we get α = 1C
and β = 11+|q2|2 , and hence the metric is given by
g = 2(
1
C
dq1dq¯1 +
1
1 + |q2|2 (dq2dq¯2 +
i
C
q¯2dq1dq2 − i
C
q2dq¯1dq¯2)).
This gives a generalized Ka¨hler structure on R4 for which the metric is complete.
Proof. After the argument of Example 5.5, we need only show the completeness of the metric. Note
that the metric is translation invariant in the q1 direction. Quotienting by a Z2 lattice, we obtain
a metric on S1×S1×C. Completeness of this metric is equivalent to completeness of the original.
To show completeness, we need only investigate geodesics escaping to infinity in the q2-direction.
In coordinates q1 = x+ iy and q2 = sinh(s)e
iθ, the metric has the following form:
g =
2
C
(dx2 + dy2) + 2(ds2 + tanh2(s)dθ2 − 2
C
tanh2(s)dxdθ − 2
C
tanh(s)dyds).
For any geodesic γ(t) = (x(t), y(t), s(t), θ(t)), we have
√
g(γ˙, γ˙) ≥
√
2(C − 1)
C
s˙,
from which it follows that the length of the curve over the interval [t0, t1] is bounded below in the
following way:
L(γ) ≥
√
2(C − 1)
C
(s(t1)− s(t0)).
Therefore the length of a curve that escapes to infinity is unbounded and so the metric is complete.
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6 The Picard group
In this section we focus on generalized Ka¨hler structures where the two holomorphic Poisson struc-
tures are isomorphic. In this case, by choosing an isomorphism, we can assume that the two
holomorphic Poisson structures coincide and then study the self-Morita equivalences of the given
Poisson structure. This leads to the notion of the Picard group of a Poisson structure (X,σ), first
introduced by Weinstein and Bursztyn in the smooth category in [5]. Since there is a composition
for Morita equivalences, (integrable) holomorphic Poisson manifolds can be viewed as the objects
of a groupoid where the morphisms are given by holomorphic symplectic Morita equivalences.
Definition 6.1. The holomorphic Picard groupoid PG is the category whose objects are integrable
holomorphic Poisson manifolds and whose morphisms are isomorphism classes of holomorphic sym-
plectic Morita equivalences. The Picard group of a holomorphic Poisson manifold (X,σ) is the
automorphism group of (X,σ) in PG:
Pic(X,σ) = HomPG((X,σ), (X,σ)) .
Since Morita equivalences equipped with bisections also compose, it is possible to upgrade the
above groupoid so that the morphisms are holomorphic symplectic Morita equivalences with brane
bisection.
Definition 6.2. The Picard groupoid with branes PGL is the category whose objects are integrable
holomorphic Poisson manifolds and whose morphisms are isomorphism classes of holomorphic sym-
plectic Morita equivalences equipped with brane bisections. The automorphism group of the object
(X,σ) is denoted by
PicL(X,σ) = HomPGL((X,σ), (X,σ)) .
Remark 6.3. Morphisms between two fixed Poisson manifolds HomPGL((X+, σ+), (X−, σ−)) corre-
spond, by Theorem 4.3, to degenerate GK structures of symplectic type.
There is a natural forgetful functor from PGL to PG which drops the data of the brane bisection.
This gives rise to a homomorphism
PicL(X,σ)→ Pic(X,σ), [(Z,Ω, λ)] 7→ [(Z,Ω)].
The kernel of this map consists of objects where the underlying Morita equivalence is trivial, i.e.
isomorphic to the Weinstein groupoid (Σ(X),Ω). Therefore, the kernel is given by the image of the
following natural homomorphism
BisL(Σ(X))→ PicL(X,σ), λ 7→ [(Σ(X),Ω, λ)],
where BisL(Σ(X)) is the group of brane bisections in (Σ(X),Ω). Note that we are viewing a brane
bisection as a map λ : X → Z such that pi− ◦ λ = idX , the map φλ := pi+ ◦ λ is a diffeomorphism,
and λ∗Im(Ω) = 0.
Using Theorem 4.3, we are able to give a concrete description of PicL(X,σ), as follows. An
object [(Z,Ω, λ)] of this group is a Morita self-equivalence with brane bisection of the holomorphic
Poisson structure (X,σ), where we letM denote the underlying smooth manifold ofX, I its complex
structure, and Q = −4Im(σ). By Theorem 4.3, this self-equivalence with brane corresponds to a
degenerate GK structure of symplectic type, i.e. a solution (I+, I−, Q, F ) of equations 1.4 and 1.5.
Since we are viewing the brane as a section λ of pi− in this correspondence, we obtain I− = I,
F = λ∗Ω, and I+ = (φ−1λ )∗(I), where φλ = pi+ ◦ λ. Therefore, given the holomorphic Poisson
structure, the remaining data is encoded by the real 2-form F and the diffeomorphism φλ. Using
equation 1.4 to express I+ as I
F := I +QF , equation 1.5 then becomes
FI + I∗F + FQF = 0,
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and the relation between φλ, I+ and I− can then be expressed as
(φλ)∗(IF ) = I.
Based on these observations, we define the following subgroup of DiffQ(M) n Ω2,cl(M), the semi-
direct product of the group of diffeomorphisms preserving Q with the group of closed 2-forms:
AutC(I, σ) = {(φ, F ) ∈ DiffQ(M)× Ω2,cl(M) | FI + I∗F + FQF = 0 and φ∗(IF ) = I},
with multiplication defined as follows:
(φ1, F1) ∗ (φ2, F2) = (φ1 ◦ φ2, φ∗2F1 + F2). (6.1)
This is the group of Courant automorphisms of (I, σ) when the holomorphic Poisson structure is
viewed as a generalized complex structure (See [12] for a study of this group). An upshot of the
present discussion is the existence of a map between PicL(X,σ) and AutC(I, σ), and a consequence
of Theorem 4.3 is the fact that these two groups are isomorphic.
Corollary 6.4. There is an isomorphism of groups
χ : PicL(X,σ)→ AutC(I, σ), [Z,Ω, λ] 7→ (pi+ ◦ λ, λ∗Ω).
Proof. The above discussion shows that the map χ is well-defined. Hence it remains to show that
χ is a homomorphism and a bijection.
Step 1: χ is a group homormophism. Let (Z1,Ω1, λ1) and (Z2,Ω2, λ2) be Morita equivalences
with brane bisections. The product of the bimodules is given by the quotient
Z1 ∗ Z2 = (Z1 ×X Z2)/Σ(X),
with symplectic form Ω defined via symplectic reduction, and the product of the bisections is given
by
λ1 ∗ λ2(x) = [λ1 ◦ pi+,2 ◦ λ2(x), λ2(x)].
Therefore pi+ ◦ (λ1 ∗ λ2) = (pi+,1 ◦ λ1) ◦ (pi+,2 ◦ λ2), and
(λ1 ∗ λ2)∗Ω = (λ1 ◦ pi+,2 ◦ λ2)∗Ω1 + λ∗2Ω2
= (pi+,2 ◦ λ2)∗(λ∗1Ω1) + λ∗2Ω2,
which, according to equation 6.1, is the product of (pi+,1 ◦ λ1, λ∗1Ω1) and (pi+,2 ◦ λ2, λ∗2Ω2).
Step 2: χ is an isomorphism. We show this by defining an explicit inverse ζ : AutC(I, σ) →
PicL(X,σ). Given (φ, F ) ∈ AutC(I, σ), Proposition 4.1 implies that we get the following element
of the Picard
(Σ(X),Ω + t∗F )
φ◦t
ww
s
''
(X,σ) (X,σ)
where the brane bisection is given by the identity bisection . We therefore take this to define
ζ(φ, F ). Theorem 4.3 then implies that ζ and χ are inverse to each other.
As a result of this isomorphism, we immediately see that the kernel of the map BisL(Σ(X))→
PicL(X,σ) is given by the subgroup IsoLBis(Σ(X)) of holomorphic Lagrangian bisections of (Σ(X),Ω)
which induce the identity diffeomorphism on M . Collecting these facts we get the following exact
sequence of groups
1→ IsoLBis(Σ(X))→ BisL(Σ(X))→ AutC(I, σ)→ Pic(X,σ). (6.2)
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Remark 6.5. Bursztyn and Fernandes studied a similar sequence in [3] in the setting of real smooth
Poisson structures. The above may be seen as a generalization of their results to the case of
holomorphic Poisson structures.
Remark 6.6. A central claim of this paper has been that the holomorphic substructure underlying
GK manifolds of symplectic type consists of holomorphic symplectic Morita equivalences, and
that the additional real data needed to determine the metric consists of a brane bisection. This
is reflected in the sequence 6.2 by the fact that AutC(I, σ) is an extension of its image in the
holomorphic Picard group by the group of brane bisections.
7 Generalized Ka¨hler metrics via Hamiltonian flows
An important application of the ideas of Section 6 is to the construction and deformation of gen-
eralized Ka¨hler metrics. The basic idea is as follows: Theorem 4.3 allows us to view GK struc-
tures of symplectic type as Morita equivalences with brane bisection, which are morphisms in the
groupoid PGL. So, it is possible to compose them. More precisely, if (Z1,Ω1,L1) and (Z2,Ω2,L2)
are degenerate GK structures of symplectic type going between holomorphic Poisson structures
(X1, σ1), (X2, σ2) and (X2, σ2), (X3, σ3) respectively, then we may compose them to get a degen-
erate GK structure going between (X1, σ1) and (X3, σ3). In particular, there is an action of the
group PicL(X+, σ+) on the space of morphisms PGL((X+, σ+), (X−, σ−)) and we can use this to
deform GK structures of symplectic type. Indeed, all of the constructions of GK metrics contained
in [17, 16, 12] are special cases of this.
The idea of the construction in [12] is to start with the infinitesimal counterpart of PicL(X,σ) ∼=
AutC(I, σ), i.e. an infinitesimal Courant symmetry, integrate it to a Courant automorphism (a path
in AutC(I, σ)), and then use this to deform a given GK structure. We will see how this manifests
itself in terms of Morita equivalences with brane bisections. In particular we will see that in certain
cases these deformations are obtained by flowing the brane bisections using Hamiltonian vector
fields.
The Lie algebra of AutC(I, σ) is the following subalgebra of XQ(M)nΩ2,cl(M), the semi-direct
product of the Lie algebra of vector fields preserving Q with the group of closed 2-forms:
autC(I, σ) = {(V, ω) ∈ XQ(M)× Ω2,cl(M) | ωI + I∗ω = 0 and LV I = Qω}.
This is the Lie algebra of infinitesimal Courant symmetries of the holomorphic Poisson structure
(I, σ). Let (V, ω) ∈ autC(I, σ) be an element of this Lie algebra. This defines an infinitesimal
automorphism of the Courant algebroid T ⊕ T ∗ and therefore it integrates to the following family
of automorphisms of T ⊕ T ∗:
(φt, Ft =
∫ t
0
(φ∗sω)ds),
where φt is the flow of the vector field V . In [12, Section 7] it is shown that this family lies in
AutC(I, σ) for all t (where it is defined), and therefore this family defines the 1-parameter subgroup
integrating (V, ω). Hence we have the following result.
Lemma 7.1. The exponential map
exp : autC(I, σ)→ AutC(I, σ) ∼= PicL(X,σ)
is given by flowing the above family of automorphisms to t = 1:
(V, ω) 7→ (φ1, F1 =
∫ 1
0
(φ∗sω)ds).
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The Lie algebra of the group of brane bisections BisL(Σ(X)) is given by the space of closed
1-forms Ω1,cl(M) with Lie bracket induced by Q [28]. The exponential map exp : Ω1,cl(M) →
BisL(Σ(X)) has the following description: given α ∈ Ω1,cl(M), we can consider the vector field
induced by t∗α on the Weinstein groupoid with respect to the imaginary part of the symplectic
form ω = Im(Ω):
Vt∗α = ω
−1(t∗α).
This is the right-invariant vector field associated to α when it is viewed as a section of the Lie
algebroid T ∗QM of (Σ(X), ω). It is t-related to the vector field Q(α) on X. Let φt be the flow of
Vt∗α. Then the 1-parameter subgroup integrating α is given by the family λt = φt ◦  of bisections,
where  is the identity bisection, so that
exp(α) = λ1.
Mapping the 1-parameter subgroup λt to AutC(I, σ) and taking the derivative at t = 0 determines
the induced Lie algebra morphism Ω1,cl(M)→ autC(I, σ): λt ∈ BisL(Σ(X)) gets sent to the family
[Σ(X),Ω, λt] ∈ PicL(X,σ) of Morita equivalences with brane bisections, and this corresponds in
AutC(I, σ) to the family of Courant automorphisms given by (ψt,
∫ t
0
(ψ∗sd
cα)ds), where ψt is the
flow of Q(α) and dc = i(∂¯ − ∂). Therefore the map of Lie algebras is given by
Ω1,cl(M)→ autC(I, σ), α 7→ (Q(α), dcα).
One upshot of the present discussion is that the exponential map for AutC(I, σ) has a particularly
nice description when it is applied to elements in the image of Ω1,cl(M).
Proposition 7.2. Let α ∈ Ω1,cl(M) be a real closed 1-form and let (Q(α), dcα) ∈ autC(I, σ) be the
infinitesimal Courant symmetry that it determines. Exponentiating this symmetry yields a family
of holomorphic symplectic Morita equivalences with brane bisections. This family has the following
simple form:
[(Σ(X),Ω, φt ◦ )],
where (Σ(X),Ω) is the Weinstein groupoid viewed as a trivial Morita equivalence, φt is the flow of
the vector field (ImΩ)−1(t∗α) on the groupoid, and φt ◦  is the result of applying this flow to the
identity bisection.
We now explain how the flow of infinitesimal Courant symmetries can be used to deform a given
GK structure of symplectic type to a nearby one. Such deformations are obtained via the action of
the group PicL(X+, σ+) on the space of morphisms PGL((X+, σ+), (X−, σ−)). More precisely, let
(Z,Ω,L)
pi+
xx
pi−
&&
(X+, σ+) (X−, σ−)
be a GK structure viewed as a Morita equivalence with brane bisection, and let ζ(φ, F ) be an element
of PicL(X+, σ+) corresponding to the Courant automorphism (φ, F ) ∈ AutC(I+, σ+). Composing
with the above Morita equivalences, we obtain ζ(φ, F ) ∗ (Z,Ω,L) = (Z,Ω + pi∗+F,L), again a
morphism in PGL((X+, σ+), (X−, σ−)) as depicted below.
(Z,Ω + pi∗+F,L)
φ◦pi+
ww
pi−
''
(X+, σ+) (X−, σ−)
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Since the positivity of the induced metric is an open condition, this will define a new GK structure
if (φ, F ) is ‘close enough’ to the identity. Given an infinitesimal symmetry (V, ω) ∈ autC(I+, σ+) we
can exponentiate it to the family ζ(exp(t(V, ω))) in PicL(X+, σ+). Then ζ(exp(t(V, ω)) ∗ (Z,Ω,L)
defines a family of degenerate GK structures deforming the initial structure, and the metric will
remain positive-definite for sufficiently small t. This family of deformations has a particularly nice
form for infinitesimal symmetries in the image of Ω1,cl(M).
Proposition 7.3. Let (Z,Ω,L) be a GK structure of symplectic type, viewed as a holomorphic
symplectic Morita equivalence with brane bisection going between the holomorphic Poisson structures
(I±, σ±). Let α ∈ Ω1,cl(M) be a real closed 1-form, and let (Q(α), dcα) ∈ autC(I+, σ+) be the
infinitesimal Courant symmetry that it determines. Exponentiating this symmetry, we get a 1-
parameter family of Courant automorphisms which act on (Z,Ω,L) to produce a family of degenerate
GK structures of symplectic type deforming the given one. This family has the following simple
form:
[(Z,Ω,Lt = ηt(L))],
where ηt is the flow of the vector field Vpi∗+α = (ImΩ)
−1(pi∗+α), and Lt = ηt(L) is the result of
applying this flow to the brane bisection L.
Proof. Let λt = φt ◦  be the 1-parameter subgroup corresponding to α in BisL(Σ(X)), where
φt is the flow of Vt∗α. By Proposition 7.2, the family of degenerate GK structures obtained by
exponentiating (Q(α), dcα) and acting on the given GK structure is given by the composition of
(Σ(X),Ω, λt) and (Z,Ω,L). This gives (Z,Ω,Lt = λt ∗ L), where
(λt ∗ L)(x) = λt(pi+ ◦ L(x)) ∗ L(x),
and where we are using the action ∗ of Σ(X) on Z. Note that we are abusing notation by using
L to denote both the section of pi− and its image in Z. Now let Vpi∗+α = Im(Ω)−1(pi∗+α), a vector
field on Z, and let ηt be its flow. We claim that Lt = ηt(L). This can be seen as follows. Using
the brane L we define a smooth symplectomorphism
Φ : (Σ(X+), Im(Ω))→ (Z, Im(Ω)), g 7→ g ∗ (r ◦ s)(g),
where r : X+ → Z is the section of pi+ induced by L, and s is the source map of the Weinstein
groupoid. This map satisfies the relation pi+ ◦Φ = t, and therefore dΦ(Vt∗α) = Vpi∗+α. This implies
that Φ intertwines the flows φt and ηt of the vector fields Vt∗α and Vpi∗+α, respectively. Then, by
the definitions of Φ and Lt we see that on the one-hand
Φ ◦ λt ◦ pi+ ◦ L(x) = λt(pi+ ◦ L(x)) ∗ L(x) = Lt(x),
and by the property that Φ intertwines φt and ηt we see that on the other hand
Φ ◦ λt ◦ pi+ ◦ L(x) = ηt ◦ Φ(1pi+◦L(x)) = ηt(L(x)).
Remark 7.4. In Propositions 7.2 and 7.3, we may specialize to the case of exact 1-forms α = dK, in
which case the families we obtain are given by flowing the brane bisections by Hamiltonian vector
fields.
Example 7.5. Recall from Example 4.7 that the Morita equivalence of a hyper-Ka¨hler structure
(M, I, J,K, g) is given by
(Z,Ω) = (X+,Ω+)× (X−,−Ω−),
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with brane bisection L given by the diagonally embedded copy of M . It was observed in [1] that
such a GK structure may be deformed to a new GK structure which is not hyper-Ka¨hler using
a real-valued function f . In the present setting we can view this as a deformation obtained by
flowing the brane bisection using a Hamiltonian vector field of f . More precisely, given a real
valued-function f , Proposition 7.3 says that the brane is flowed by the Hamiltonian vector field of
pi∗+f , using the imaginary part of the symplectic form on Z, namely, Im(Ω+,−Ω−) = (ωK ,−ωK).
Therefore, the brane is given by the flow of
(ω−1K (df), 0),
and so if φt is the flow of the Hamiltonian vector field of f with respect to ωK then the deformed
brane is given by
Lt = {(φt(m),m) | m ∈M},
which is the graph of φt. 
8 Universal local construction via time-dependent flows
Let (M, I, σ) be a holomorphic Poisson structure, which determines a degenerate GK structure as
in Example 1.4. As explained in Example 4.5, the corresponding Morita equivalence provided by
Theorem 4.3 is the symplectic groupoid (Σ(X),Ω, ) integrating σ, with the identity bisection 
as its brane bisection. Propositions 7.2 and 7.3 tell us that given a real-valued function f we can
construct a family of degenerate GK structures deforming the given one by deforming the identity
bisection  using the Hamiltonian vector field of t∗f on the groupoid: Vt∗df = ω−1(dt∗f), where
here we decompose Ω = B + iω into its real and imaginary parts. In this section, we show that,
locally, all degenerate GK structures of symplectic type arise in this way if we allow the function f
to depend on time. This gives a universal local construction (similar to the one using a generalized
Ka¨hler potential) which places a greater emphasis on the underlying holomorphic Poisson geometry.
In effect, it tells us that locally a GK structure of symplectic type is determined by a holomorphic
Poisson structure and a single time-dependent real-valued function.
Let (Z,Ω,L) be a GK structure viewed as a Morita equivalence with brane bisection, and let
z ∈ L be a point on the brane. Choose a local holomorphic Lagrangian bisection Λ passing through
the point z and let U := pi−(Λ) ⊆ X−, and V := pi+(Λ) ⊆ X+. Note first that this bisection induces
a holomorphic Poisson isomorphism φ : (U, σ−) → (V, σ+); this means that the two holomorphic
Poisson structures underlying a GK structure of symplectic type are always locally isomorphic,
although not in a canonical way. Now consider the local Morita equivalence pi−1+ (V )∩pi−1− (U) going
between (U, σ−) and (V, σ+). Using the Lagrangian Λ, we can identify this Morita equivalence with
the trivial Morita equivalence t−1(U) ∩ s−1(U) ⊆ Σ(X−). That is to say, we have a holomorphic
symplectomorphism
Φ : t−1(U) ∩ s−1(U)→ pi−1+ (V ) ∩ pi−1− (U), g 7→ Λ(t(g)) ∗ g, (8.1)
satisfying pi+ ◦Φ = φ ◦ t, as well as pi− ◦Φ = s and Φ ◦  = Λ. We view this as a groupoid chart, in
the sense that it identifies a neighbourhood of z in Z with a neighbourhood of the zero section in
Σ(X−). The chart is adapted to the groupoid structure, unlike the Darboux charts considered in
section 5. In this chart, the brane L intersects the identity bisection at the point z. Our goal is to
describe L as a Hamiltonian flow applied to the zero section: for this, we require a family of brane
bisections Lt interpolating between L and Λ. First we show that such a family exists.
Proposition 8.1. There is a local family of brane bisections interpolating between a given brane
L and a holomorphic Lagrangian bisection Λ.
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Such a family of brane bisections consists of a family of Lagrangian submanifolds for ω = Im(Ω)
which is transverse to both K± = ker(dpi±) at all times. Note that since K+ and K− are symplectic
orthogonal, a Lagrangian L which is transverse to K+ is automatically transverse to K−:
L ∩K− = Lω ∩Kω+ = (L+K+)ω = TZω = 0.
The linear version of this problem has an immediate solution: let (V, ω) be a 2n-dimensional (real)
symplectic vector space and let K be an arbitrary n-dimensional subspace. Let MV,K denote
the space of Lagrangians in V which are transverse to K; this is a connected open subset of the
Lagrangian Grassmannian, showing that the linear version of such an interpolation is available.
Proof of Proposition 8.1. Choose a holomorphic Darboux chart centred at the point z : (TZz,Ωz) ∼=
(Z,Ω), and let Λ be a holomorphic Lagrangian subspace of TZz which is transverse to K±. This
defines a (local) holomorphic Lagrangian bisection Λ. The tangent space L = TzL defines a La-
grangian subspace of (TZz, ωz) which is also transverse to K±. Since MTZz,K+ is connected, we
choose a family Lt of Lagrangian subspaces of (TZz, ωz) which remain transverse to K± for all
time interpolating between Λ and L. We can view this as a family of brane bisections going from
Λ to the brane L. Hence it remains to find a path going from L to L. For this choose a Weinstein
neighbourhood of L: (T ∗L,Ω0) ∼= (Z, ω). In this chart, L is given by the graph of a closed 1-form
α ∈ Ω1(L). Then Lt = Gr(tα) defines a family of Lagrangians interpolating between L and L.
Since TLz = TLz it follows that T (Lt)z = TLz for all t implying that this family is transverse to
K± at all times. Combining the two families, we obtain a family of branes interpolating between
the holomorphic Lagrangian Λ and the brane bisection L. This family fixes the point z, and at all
times the tangent space at z is transverse to K±. Thus we obtain the required interpolation on a
(possibly smaller) neighbourhood of z.
Having the interpolating family of branes, we wish to describe it as a Hamiltonian flow. For
this, we return to the groupoid chart t−1(U) ∩ s−1(U) where we have the following data:
1. A holomorphic symplectic groupoid (Σ(U),Ω−) integrating (U, σ−), with underlying imagi-
nary part the smooth real symplectic groupoid (Σ(U), ω);
2. Over a fixed neighbourhood of z, W ⊆ U , we have a family of Lagrangian bisections of
(Σ(U), ω), viewed as sections of the source s,
λt : W → (Σ(U), ω),
such that λ0 is the identity bisection and λ1 is the given brane bisection L viewed in the
groupoid chart. Note that λt(z) = z for all time t.
Now let ψt := t ◦ λt denote the resulting family of Poisson diffeomorphisms (for the Poisson
structure Q), and let Wt = ψt(W ). Left multiplication by the bisection defines the following family
of symplectomorphisms:
τt : t
−1(W )→ t−1(Wt), g 7→ λt(t(g)) ∗ g,
which satisfy s ◦ τt = s and t ◦ τt = ψt ◦ t, as well as τt ◦  = λt. This family of symplectomorphisms
defines a time-dependent vector field Yt ∈ X 1(t−1(Wt)) via the equation
Yt(τt(g)) =
d
dt
τt(g).
As explained in [28] this family of vector fields is Hamiltonian for a t-basic closed 1-form:
ιYtω = t
∗(αt),
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where αt ∈ Ω1(Wt) is a closed time-dependent 1-form. In fact, the restriction of Yt to the bisection
gives the following vector field along λt:
Xt(x) := Yt(λt(x)) =
d
dt
λt(x).
Since λt is a section of s, Xt ∈ ker(ds) and hence ω(Xt) is in the image of t∗, defining the form αt.
Note that since t is a Poisson map we have
t∗(Yt) = Q(αt),
and so ψt is the flow of this Hamiltonian vector field. The time-dependent form αt : [0, 1]→ Ω1cl is
the infinitesimal version of the family of branes λt : [0, 1]→ BisL(Σ).
Now choose a neighbourhood W ′ of z such that W ′ ⊆ Wt for all time t. Restricting to this
neighbourhood, we have αt ∈ Ω1,cl(W ′), and if we assume that W ′ is contractible then αt are
exact. Choose a primitive: let ft ∈ C∞(W ′) be a time-dependent function such that dft = αt. We
conclude that it is now possible to describe the GK structure purely in terms of this function and
the holomorphic Poisson structure (I−, σ−):
Theorem 8.2. Let (Z,Ω,L) be a Generalized Ka¨hler structure of symplectic type, viewed as a
holomorphic symplectic Morita equivalence with brane bisection going between holomorphic Poisson
structures (X±, σ±) with common imaginary part − 14Q. Let z ∈ L be a chosen point on the brane.
Then
1. It is possible to choose a family of local brane bisections Lt such that L1 = L, L0 = Λ, a
holomorphic Lagrangian bisection, and such that z ∈ Lt for all t ∈ [0, 1].
2. There is a (locally defined) time-dependent real-valued function ft ∈ C∞(X−,R) such that in
a neighbourhood of z the family of brane bisections Lt is given by τ˜t(Λ), where τ˜t is the flow
of the Hamiltonian vector field of (φ−1pi+)∗ft with respect to the symplectic form Im(Ω).
3. In a neighbourhood of pi−(z) the GK structure is given by the data (I+, I−, Q, F ), where I− is
the given complex structure on X−, I+ = ψ∗1(I−) and
F =
∫ 1
0
ψ∗t (d
c
−dft)dt,
for ψt the flow of the Hamiltonian vector field Xft = Q(dft), and where d
c
− = i(∂¯I− − ∂I−).
In other words, in a neighbourhood of any point, a GK structure of symplectic type is determined
by a holomorphic Poisson structure, together with a time-dependent real-valued function, via the
Hamiltonian flow construction of Section 7.
Proof. It remains only to prove the formula for F = λ∗1Ω−. Differentiating the pullback λ
∗
tΩ− gives
d
dt
(λ∗tΩ−) = λ
∗
tLYtΩ− = λ∗t dI∗ω(Yt) = λ∗t dI∗t∗αt = ψ∗t dI∗−αt = ψ∗t dc−αt = ψ∗t (dc−dft).
Therefore λ∗1Ω− =
∫ 1
0
d
dt (λ
∗
tΩ−)dt =
∫ 1
0
ψ∗t (d
c
−dft)dt.
Example 8.3. Example 5.2 of a Ka¨hler structure showed how the generalized Ka¨hler potential of
Section 5 generalizes the usual Ka¨hler potential. However, another look at this example shows that
what we were doing is actually an instance of what is described in the present section. Namely,
given a holomorphic Lagrangian L, viewed as a section λ, we used the groupoid structure to induce
a local isomorphism of Morita equivalences:
(T ∗X,Ω0)→ (Z,Ω), αx 7→ αx + λ(x),
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so that our Darboux chart in this case is actually a groupoid chart in the sense of (8.1). Now we
view the brane bisection L in this chart as the graph of a (1, 0)-form η = I∗α + iα, where α is
a closed 1-form. For our interpolating family of branes, we may choose Lt = Gr(tη). Then the
induced family of closed 1-forms on X is given by the time-independent form α. As in example 5.2,
we choose a real-valued function K on X such that α = − 12dK. Then noting that the Hamiltonian
vector field XK = 0, and appealing to theorem 8.2, we see that the Ka¨hler form is given by
ω = −1
2
dcdK = i∂∂¯K.
Therefore the construction of Theorem 8.2 provides an alternate generalization of the Ka¨hler po-
tential which is more closely adapted to the underlying groupoid structure. 
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